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Teleparallel gravity, a gauge theory for the translation group, turns up as fully equivalent to Einstein’s
general relativity. In spite of this equivalence, it provides a whole new insight into gravitation. It breaks
several paradigms related to the geometric approach of general relativity, and introduces new concepts
in the description of the gravitational interaction. The purpose of this chapter is to explore some of
these concepts, as well as discuss possible consequences for gravitation, mainly those that could be
relevant for the quantization of the gravitational field.
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1 Preliminaries
Despite being equivalent to general relativity, teleparallel gravity is, conceptually speaking, a com-
pletely different theory. For example, the gravitational field in this theory is represented by torsion,
not by curvature. Furthermore, in general relativity curvature is used to geometrize the gravita-
tional interaction: geometry replaces the concept of gravitational force, and the trajectories are
determined by geodesics — trajectories that follow the curvature of spacetime. Teleparallel grav-
ity, on the other hand, attributes gravitation to torsion, which acts as a force, not geometry. In
teleparallel gravity, therefore, trajectories are not described by geodesics, but by force equations
[1].
The reason for gravitation to present two equivalent descriptions is related to its most pecu-
liar property: universality. Like the other fundamental interactions of nature, gravitation can be
described in terms of a gauge theory. This is just teleparallel gravity, a gauge theory for the trans-
lation group. Universality of free fall, on the other hand, allows a second, geometric description,
based on the equivalence principle, just general relativity. As the unique universal interaction, it
is the only one to allow a geometric interpretation, and hence two alternative descriptions. From
this point of view, curvature and torsion are simply alternative ways of representing the very same
gravitational field, accounting for the same degrees of freedom of gravity (There are models in which
curvature and torsion are related to different degrees of freedom of gravity. In these models, known
as Einstein-Cartan-Sciama-Kibble theories, in addition to energy and momentum, also intrinsic
spin appears as source of gravitation. The main references on these theories can be traced back
from Ref. [2].)
The notion of teleparallel structure — also known as absolute or distant parallelism, char-
acterized by a particular Lorentz connection that parallel-transports everywhere the tetrad field
(See Section 3.2 for a remark about the notion of absolute parallelism condition and local Lorentz
transformations) — was used by Einstein in his unsuccessful attempt to construct a unified field
theory of electromagnetism and gravitation [3]. The birth of teleparallel gravity as a gravitational
theory, however, took place in the late fifties and early sixties with the works by Møller [4]. Since
then many contributions from different authors have been incorporated into the theory, giving rise
to what is known today as the teleparallel equivalent of general relativity, or just teleparallel gravity
[5]. The purpose of this chapter is to review the fundamentals of this theory, as well as to explore
some of the new insights it provides into gravitation, in particular those that could eventually be
relevant for the development of a quantum theory for gravitation.
2 Basic Concepts
2.1 Linear Frames and Tetrads
Spacetime is the arena on which the four presently known fundamental interactions manifest them-
selves. Electromagnetic, weak and strong interactions are described by gauge theories involving
transformations taking place in internal spaces, by themselves unrelated to spacetime. The basic
setting of gauge theories are the principal bundles, in which a copy of the gauge group is attached
to each point of spacetime — the base space of the bundle. Gravitation, on the other hand, is
deeply linked to the very structure of spacetime. The geometrical setting of gravitation is the
tangent bundle, a natural construction always present in any differentiable manifold: at each point
of spacetime there is a tangent space attached to it — the fiber of the bundle — which is seen as
a vector space. We are going to use the Greek alphabet (µ, ν, ρ, · · · = 0, 1, 2, 3) to denote indices
related to spacetime, and the first letters of the Latin alphabet (a, b, c, · · · = 0, 1, 2, 3) to denote
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indices related to the tangent space, a Minkowski spacetime whose Lorentz metric is assumed to
have the form
ηab = diag(+1,−1,−1,−1). (1)
A general spacetime is a 4-dimensional differential manifold, denoted R3,1, whose tangent space
is, at each point, a Minkowski spacetime. Spacetime coordinates will be denoted by {xµ}, whereas
tangent space coordinates will be denoted by {xa}. Such coordinate systems determine, on their
domains of definition, local bases for vector fields, formed by the sets of gradients
{∂µ} ≡ {∂/∂xµ} and {∂a} ≡ {∂/∂xa}, (2)
as well as bases {dxµ} and {dxa} for covector fields, or differentials. These bases are dual, in the
sense that
dxµ(∂ν) = δ
µ
ν and dx
a(∂b) = δ
a
b . (3)
On the respective domains of definition, any vector or covector can be expressed in terms of these
coordinate bases, a name that stems from their relationship to a coordinate system.
2.1.1 Trivial Frames
Trivial frames, or trivial tetrads [6], will be denoted by
{ea} and {ea}. (4)
The above mentioned coordinate bases
{ea} = {∂a} and {ea} = {dxa} (5)
are very particular cases. Any other set of four linearly independent fields {ea} will form another
basis, and will have a dual {ea} whose members are such that
ea(eb) = δ
a
b . (6)
Notice that, on a general manifold, vector fields are (like coordinate systems) only locally defined
— and linear frames, as sets of four such fields, defined only on restricted domains.
These frame fields are the general linear bases on the spacetime differentiable manifold R 3,1.
The whole set of such bases, under conditions making of it also a differentiable manifold, constitutes
the bundle of linear frames. A frame field provides, at each point p ∈ R 3,1, a basis for the vectors
on the tangent space TpR 3,1. Of course, on the common domains they are defined, each member
of a given basis can be written in terms of the members of any other. For example,
ea = ea
µ ∂µ and e
a = eaµ dx
µ, (7)
and conversely,
∂µ = e
a
µ ea and dx
µ = ea
µ ea. (8)
On account of the orthogonality conditions (6), the frame components satisfy
eaµea
ν = δνµ and e
a
µeb
µ = δab . (9)
Notice that these frames, with their bundles, are constitutive parts of spacetime: they are auto-
matically present as soon as spacetime is taken to be a differentiable manifold.
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A general linear basis {ea} satisfies the commutation relation
[ea, eb] = f
c
ab ec, (10)
with f cab the so-called structure coefficients, or coefficients of anholonomy, or still the anholonomy
of frame {ea}. As a simple computation shows, they are defined by
f cab = ea
µeb
ν(∂νe
c
µ − ∂µecν). (11)
A preferred class is that of inertial frames, denoted e′a, those for which
f ′acd = 0. (12)
Such bases {e′a} are said to be holonomic. Of course, all coordinate bases are holonomic. This is
not a local property, in the sense that it is valid everywhere for frames belonging to this inertial
class.
Consider now the Minkowski spacetime metric, which in cartesian coordinates {x¯µ} has the
form
η¯µν = diag(+1,−1,−1,−1). (13)
In any other coordinate system, ηµν will be a function of the spacetime coordinates. The linear
frame
ea = ea
µ ∂µ, (14)
provides a relation between the tangent-space metric ηab and the spacetime metric ηµν . Such
relation is given by
ηab = ηµν ea
µeb
ν . (15)
Using the orthogonality conditions (9), the inverse relation is found to be
ηµν = ηab e
a
µe
b
ν . (16)
Independently of whether ea is holonomic or not, or equivalently, whether they are inertial or not,
they always relate the tangent Minkowski space to a Minkowski spacetime. These are the frames
appearing in special relativity, and are usually called trivial frames — or trivial tetrads.
2.1.2 Nontrivial Frames
Nontrivial frames, or nontrivial tetrads, will be denoted by
{ha} and {ha}. (17)
They are defined as linear frames whose coefficient of anholonomy is related to both inertial effects
and gravitation. Let us consider a general pseudo-riemannian spacetime with metric components
gµν in some dual holonomic basis {dxµ}. The tetrad field
ha = ha
µ ∂µ and h
a = haµdx
µ, (18)
is a linear basis that relates gµν to the tangent-space metric ηab through the relation
ηab = gµν ha
µhb
ν . (19)
The components of the dual basis members ha = haνdx
ν satisfy
haµ ha
ν = δνµ and h
a
µ hb
µ = δab , (20)
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so that Eq. (19) has the inverse
gµν = ηab h
a
µh
b
ν . (21)
It follows from these relations that
h ≡ det(haµ) =
√−g , (22)
with g = det(gµν).
A tetrad basis {ha} satisfies the commutation relation
[ha, hb] = f
c
ab hc, (23)
with f cab the structure coefficients, or coefficients of anholonomy, of frame {ha}. The basic dif-
ference in relation to the linear bases {ea} is that now the f cab represent both inertial effects and
gravitation, and are given by
f cab = ha
µhb
ν(∂νh
c
µ − ∂µhcν). (24)
Although nontrivial tetrads are, by definition, anholonomic due to the presence of gravitation, it is
still possible that locally, f cab = 0. In this case, dh
a = 0, which means that ha is locally a closed
differential form. In fact, if this holds at a point p, then there is a neighborhood around p on which
functions (coordinates) xa exist such that
ha = dxa.
We say that a closed differential form is always locally integrable, or exact. This is the case of locally
inertial frames, which are always holonomic. In these frames, inertial effects locally compensate for
gravitation.
2.2 Lorentz Connections
A Lorentz connection Aµ, frequently referred to also as spin connection, is a 1-form assuming values
in the Lie algebra of the Lorentz group,
Aµ =
1
2 A
ab
µ Sab, (25)
with Sab a given representation of the Lorentz generators. As these generators are antisymmetric in
the algebraic indices, Aabµ must be equally antisymmetric in order to be lorentzian. This connection
defines the Fock-Ivanenko covariant derivative [7, 8]
Dµ = ∂µ − i2 Aabµ Sab, (26)
whose second part acts only on algebraic, tangent space indices. For a Lorentz vector field φc, for
example, the representation of the Lorentz generators are matrices Sab with entries [9]
(Sab)
c
d = i (ηbd δ
c
a − ηad δcb) . (27)
The Fock-Ivanenko derivative is, in this case,
Dµφc = ∂µφc +Acdµ φd. (28)
On account of the soldered character of the tangent bundle, a tetrad field relates tangent space
(or internal) tensors with spacetime (or external) tensors. For example, if φa is an internal, or
Lorentz vector, then
φρ = ha
ρ φa (29)
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will be a spacetime vector. Conversely, we can write
φa = haρ φ
ρ. (30)
On the other hand, due to its non-tensorial character, a connection will acquire a vacuum, non-
homogeneous term, under the same operation,
Γρνµ = ha
ρ∂µh
a
ν + ha
ρAabµh
b
ν ≡ haρDµhaν , (31)
where Dµ is the covariant derivative (28), in which the generators act on internal (or tangent space)
indices only. The inverse relation is, consequently,
Aabµ = h
a
ρ∂µhb
ρ + haρΓ
ρ
νµhb
ν ≡ haρ∇µhbρ, (32)
where ∇µ is the standard covariant derivative in the connection Γνρµ, which acts on external indices
only. For a spacetime vector φν , for example, it has the form
∇µφν = ∂µφν + Γνρµ φρ. (33)
Using relations (29) and (30), it is easy to verify that [10]
Dµφd = hdρ∇µφρ. (34)
Equations (31) and (32) are simply different ways of expressing the property that the total covariant
derivative of the tetrad — that is, a covariant derivative with connection terms for both internal
and external indices — vanishes identically:
∂µh
a
ν − Γρνµhaρ +Aabµhbν = 0. (35)
2.2.1 Behavior under Lorentz Transformations
A local Lorentz transformation is a transformation of the tangent space coordinates xa:
x′a = Λab(x)xb. (36)
Under such a transformation, the tetrad transforms according to
h′a = Λab(x)hb. (37)
At each point of a riemannian spacetime, Eq. (21) only determines the tetrad up to transformations
of the six-parameter Lorentz group in the tangent space indices. This means that there exists
actually an infinity of tetrads ha
µ, each one relating the spacetime metric gµν to the tangent space
metric ηcd. This means that any other Lorentz-rotated tetrad {h′a} will also relate the same metrics
gµν = ηcd h
′c
µh
′d
ν . (38)
Under a local Lorentz transformation Λab(x), the spin connection undergoes the transformation
A′abµ = Λac(x)Acdµ Λbd(x) + Λac(x) ∂µΛbc(x). (39)
The last, non-homogeneous term appears due to the non-tensorial character of connections.
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2.3 Curvature and Torsion
Curvature and torsion require a Lorentz connection to be defined [11]. Given a Lorentz connection
Aabµ, the corresponding curvature is a 2-form assuming values in the Lie algebra of the Lorentz
group,
Rνµ =
1
2R
ab
νµ Sab. (40)
Torsion is also a 2-form, but assuming values in the Lie algebra of the translation group,
Tνµ = T
a
νµ Pa, (41)
with Pa = ∂a the translation generators. The curvature and torsion components are given, respec-
tively, by
Rabνµ = ∂νA
a
bµ − ∂µAabν +AaeνAebµ −AaeµAebν (42)
and
T aνµ = ∂νh
a
µ − ∂µhaν +Aaeνheµ −Aaeµheν . (43)
Through contraction with tetrads, these tensors can be written in spacetime-indexed forms:
Rρλνµ = ha
ρ hbλR
a
bνµ, (44)
and
T ρνµ = ha
ρ T aνµ. (45)
Using relation (32), their components are found to be
Rρλνµ = ∂νΓ
ρ
λµ − ∂µΓρλν + ΓρηνΓηλµ − ΓρηµΓηλν (46)
and
T ρνµ = Γ
ρ
µν − Γρνµ. (47)
Since the spin connection Aabν is a four-vector in the last index, it satisfies
Aabc = A
a
bν hc
ν . (48)
It can thus be verified that, in the anholonomic basis {ha}, the curvature and torsion components
are given respectively by
Rabcd = hc (A
a
bd)− hd (Aabc) +AaecAebd −AaedAebc − fecdAabe (49)
and
T abc = A
a
cb −Aabc − fabc, (50)
where, we recall, hc = hc
µ∂µ. Use of (50) for three different combinations of indices gives
Aabc =
1
2(fb
a
c + Tb
a
c + fc
a
b + Tc
a
b − fabc − T abc). (51)
This expression can be rewritten in the form
Aabc =
◦
A
a
bc +K
a
bc, (52)
where ◦
A
a
bc =
1
2 (fb
a
c + fc
a
b − fabc) (53)
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is the usual expression of the general relativity spin connection in terms of the coefficients of
anholonomy, and
Kabc =
1
2 (Tb
a
c + Tc
a
b − T abc) (54)
is the contortion tensor. The corresponding expression in terms of the spacetime-indexed linear
connection reads
Γρµν =
◦
Γ
ρ
µν +K
ρ
µν , (55)
where ◦
Γ
σ
µν =
1
2 g
σρ (∂µgρν + ∂νgρµ − ∂ρgµν) (56)
is the zero-torsion Christoffel, or Levi-Civita connection, and
Kρµν =
1
2 (Tν
ρ
µ + Tµ
ρ
ν − T ρµν) (57)
is the spacetime-indexed contortion tensor. Equations (52) and (55) are actually the content of a
theorem, which states that any Lorentz connection can be decomposed into the spin connection of
general relativity plus the contortion tensor [11]. As is well-known, the Levi-Civita connection of a
general spacetime metric has vanishing torsion, but non-vanishing curvature:
◦
T
ρ
νµ = 0 and
◦
R
ρ
λνµ 6= 0. (58)
2.4 Purely Inertial Lorentz Connection
In special relativity, Lorentz connections represent inertial effects present in a given frame. In order
to obtain the explicit form of such connections, let us recall that the class of inertial (or holonomic)
frames, denoted by e′aµ, is defined by all frames for which f ′cab = 0. In a general coordinate system,
the frames belonging to this class have the holonomic form
e′aµ = ∂µx′a, (59)
with x′a a spacetime-dependent Lorentz vector: x′a = x′a(xµ). Under a local Lorentz transforma-
tion, the holonomic frame (59) transforms according to
eaµ = Λ
a
b(x) e
′b
µ. (60)
As a simple computation shows, it has the explicit form
eaµ = ∂µx
a +
•
A
a
bµ x
b ≡ •Dµxa, (61)
where •
A
a
bµ = Λ
a
e(x) ∂µΛb
e(x) (62)
is a Lorentz connection that represents the inertial effects present in the new frame eaµ. As can
be seen from Eq. (39), it is just the connection obtained from a Lorentz transformation of the
vanishing spin connection
•
A′edµ = 0:
•
A
a
bµ = Λ
a
e(x)
•
A
′e
dµ Λb
d(x) + Λae(x) ∂µΛb
e(x). (63)
Starting from an inertial frame, different classes of frames are obtained by performing local (point-
dependent) Lorentz transformations Λab(x
µ). Within each class, the infinitely many frames are
related through global (point-independent) Lorentz transformations, Λab = constant.
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Each component of the inertial connection (62), which is sometimes referred to as the Ricci
coefficient of rotation [12], represents a different inertial effect [13]. Owing to its presence, the
transformed frame eaµ is no longer holonomic. In fact, its coefficient of anholonomy is given by
f cab = −
( •
A
c
ab −
•
A
c
ba
)
, (64)
where we have used the identity
•
Aabc =
•
Aabµ ec
µ. Of course, as a purely inertial connection,
•
Aabµ
has vanishing curvature and torsion:
•
R
a
bνµ ≡ ∂ν
•
A
a
bµ − ∂µ
•
A
a
bν +
•
A
a
eν
•
A
e
bµ −
•
A
a
eµ
•
A
e
bν = 0 (65)
and •
T
a
νµ ≡ ∂νeaµ − ∂µeaν +
•
A
a
eν e
e
µ −
•
A
a
eµ e
e
ν = 0. (66)
2.5 Equation of Motion of Free Particles
To see how a purely inertial connection shows up in a concrete example, let us consider the equation
of motion of a free particle. In the class of inertial frames e′aµ, such particle is described by the
equation of motion
du′a
dσ
= 0, (67)
with u′a the anholonomic four-velocity, and
dσ2 = ηµν dx
µdxν (68)
the quadratic Minkowski interval. In an anholonomic frame eaµ, related to e
′a
µ by the local Lorentz
transformation (60), the equation of motion assumes the manifestly covariant form under local
Lorentz transformations
dua
dσ
+
•
A
a
bµ u
b uµ = 0, (69)
where
ua = Λab(x)u
′b (70)
is the Lorentz transformed four-velocity, and
uµ = ua ea
µ (71)
is the usual, holonomic four-velocity
uµ =
dxµ
dσ
. (72)
Observe that the inertial forces coming from the frame non-inertiality are represented by the inertial
connection on the left-hand side of the equation (69), which is non-covariant by its very nature.
Observe also that it is invariant under general coordinate transformations.
In terms of the holonomic four-velocity written in cartesian coordinates {x¯µ}, the particle
equation of motion has the form
du¯ρ
dσ
= 0. (73)
Under a general coordinate transformation x¯µ → xµ, it assumes the manifestly covariant form
under general coordinate transformations
duρ
dσ
+
•
γ ρνµ u
νuµ = 0, (74)
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where [14]
•
γ ρνµ =
1
2η
ρλ (∂νηλµ + ∂µηλν − ∂ληνµ) (75)
is a flat, coordinate-related connection, with ηνµ the Minkowski metric written in the general
coordinate system {xµ}. Of course, since the equations of motion (69) and (74) describe the same
free particle, they are equivalent ways of writing the same equation of motion. This means that
connections (62) and (75) are different ways of writing the very same inertial connection. In fact,
using relation (71), it is an easy task to verify that they are related by
•
A
a
bµ = e
a
ρ∂µeb
ρ + eaρ
•
γ ρνµ eb
ν ≡ eaρ
•
∇µebρ, (76)
which is a relation of the form (32) between equivalent connections. We can then conclude that
local Lorentz transformations are equivalent to general coordinate transformations in the sense
that they give rise to the very same inertial connection. In Section 4.5 we will discuss further the
implications of this equivalence for gravitation.
3 Teleparallel Gravity: A Brief Review
For the sake of completeness we present in this section a short review of teleparallel gravity, as well
as discuss its equivalence to general relativity.
3.1 Translational Gauge Potential
Teleparallel gravity corresponds to a gauge theory for the translation group [5]. As such, the
gravitational field is represented by a translational gauge potential Baµ, a 1-form assuming values
in the Lie algebra of the translation group,
Bµ = B
a
µ Pa, (77)
with Pa = ∂a the translation generators. On account of the translational coupling prescription, it
appears as the non-trivial part of the tetrad,
haµ = e
a
µ +B
a
µ, (78)
where
eaµ ≡
•
Dµxa = ∂µxa +
•
A
a
bµ x
b (79)
is the trivial (non-gravitational) tetrad (61). Under an infinitesimal gauge translation
δxa = εbPb x
a ≡ εa, (80)
with εa ≡ εa(xµ) the transformation parameters, the gravitational potential Baµ transforms ac-
cording to
δBaµ = −
•
Dµεa. (81)
The tetrad (78) is consequently gauge invariant:
δhaµ = 0. (82)
This is a matter of consistency as a gauge transformation cannot change the spacetime metric.
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3.2 Teleparallel Spin Connection
The gravitational field in teleparallel gravity is fully represented by the translational gauge potential
Baµ. This means that in this theory Lorentz connections keep their special-relativistic role of
representing inertial effects only. The fundamental Lorentz connection of teleparallel gravity is
consequently the purely inertial connection (62), which has of course vanishing curvature:
•
R
a
bµν = ∂µ
•
A
a
bν − ∂ν
•
A
a
bµ +
•
A
a
eµ
•
A
e
bν −
•
A
a
eν
•
A
e
bµ = 0. (83)
For a tetrad involving a non-trivial translational gauge potential, that is, for
Baµ 6=
•
Dµεa, (84)
its torsion will be non-vanishing:
•
T
a
µν = ∂µh
a
ν − ∂νhaµ +
•
A
a
eµh
e
ν −
•
A
a
eνh
e
µ 6= 0. (85)
Using the trivial identity
•
Dµ
•
Dνxa −
•
Dν
•
Dµxa = 0, (86)
it can be rewritten in the form
•
T
a
µν = ∂µB
a
ν − ∂νBaµ +
•
A
a
bµB
b
ν −
•
A
a
bνB
b
µ, (87)
which is the field strength of teleparallel gravity. In this theory, therefore, gravitation is represented
by torsion, not by curvature. On account of the gauge invariance of the tetrad, the field strength
is also invariant under gauge transformations:
•
T
′a
µν =
•
T
a
µν . (88)
This is actually an expected result. In fact, considering that the generators of the adjoint represen-
tation are the coefficients of structure of the group taken as matrices, and considering that these
coefficients vanish for abelian groups, fields belonging to the adjoint representation of abelian gauge
theories will always be gauge invariant — a well-known property of electromagnetism.
The spacetime linear connection corresponding to the inertial spin connection (62) is
•
Γ
ρ
νµ = ha
ρ∂µh
a
ν + ha
ρ
•
A
a
bµ h
b
ν ≡ haρ
•
Dµhaν . (89)
This is the so-called Weitzenbo¨ck connection. Its definition is equivalent to the identity
∂µh
a
ν +
•
A
a
bµ h
b
ν −
•
Γ
ρ
νµ h
a
ρ = 0. (90)
In the class of frames in which the spin connection
•
Aabµ vanishes, it reduces to
∂µh
a
ν −
•
Γ
ρ
νµ h
a
ρ = 0, (91)
which is the so-called absolute, or distant parallelism condition, from where teleparallel gravity got
its name. It is important to remark that, at the time the term absolute, or distant parallelism
condition was coined, no one was aware that this condition holds only on a very specific class of
frames. The general expression valid in any frame is that given by Eq. (90). This means essentially
the the tetrad is not actually parallel-transported everywhere by the Weitzenbo¨ck connection. The
name “teleparallel gravity” is consequently not appropriate. Of course, for historical reasons we
shall keep it.
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3.3 Teleparallel Lagrangian
As a gauge theory for the translation group, the action functional of teleparallel gravity can be
written in the form [15]
•
S = 1
2ck
∫
ηab
•
T
a ∧ ? •T b, (92)
where •
T
a = 12
•
T aµν dx
µ ∧ dxν (93)
is the torsion 2-form, ?
•
T a is the corresponding dual form, and k = 8piG/c4. More explicitly,
•
S = 1
8ck
∫
ηab
•
T
a
µν ?
•
T
b
ρσ dx
µ ∧ dxν ∧ dxρ ∧ dxσ. (94)
Taking into account the identity
dxµ ∧ dxν ∧ dxρ ∧ dxσ = − µνρσ h d4x, (95)
with h = det(haµ), the action functional assumes the form
•
S = − 1
8ck
∫ •
T aµν ?
•
T
a
ρσ 
µνρσ h d4x. (96)
Using then the generalized dual definition for soldered bundles [16]
? T aµν =
h
2
µναβ S
aαβ, (97)
it reduces to
•
S = 1
4ck
∫ •
T
a
ρσ
•
Sa
ρσ h d4x, (98)
where •
Sa
ρσ ≡ − •Saσρ = haν
( •
K
ρσ
ν − δνσ
•
T
θρ
θ + δν
ρ
•
T
θσ
θ
)
(99)
is the superpotential, with
•
K
ρσ
ν =
1
2
( •
T
σρ
ν +
•
T ν
ρσ − •T ρσν
)
(100)
the contortion of the teleparallel torsion. The lagrangian corresponding to the above action is [17]
•
L = h
4k
•
T aµν
•
S
aµν . (101)
Using relation (55) for the specific case of teleparallel torsion, it is possible to show that
•
L =
◦
L − ∂µ
(
2h k−1
•
T
νµ
ν
)
, (102)
where
◦
L = −
√−g
2k
◦
R (103)
is the Einstein-Hilbert lagrangian of general relativity. Up to a divergence, therefore, the teleparallel
lagrangian is equivalent to the lagrangian of general relativity.
One may wonder why the lagrangians are equivalent up to a divergence term. To understand
that, let us recall that the Einstein-Hilbert lagrangian (103) depends on the tetrad, as well as on
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its first and second derivatives. The terms containing second derivatives, however, reduce to a
divergence term [18]. In consequence, it is possible to rewrite the Einstein-Hilbert lagrangian in a
form stating this aspect explicitly,
◦
L =
◦
L1 + ∂µ(
√−g wµ), (104)
where
◦
L1 is a lagrangian that depends solely on the tetrad and its first derivatives, and wµ is a
four-vector. On the other hand, the teleparallel lagrangian (101) depends only on the tetrad and its
first derivative. The divergence term in the equivalence relation (102) is then necessary to account
for the different orders of the teleparallel and the Einstein-Hilbert lagrangians. We mention in
passing that in classical field theory the lagrangians involve only the field and its first derivative.
We can then say that teleparallel gravity is more akin to a field theory than general relativity. In
Section 4.4 this point will be discussed in further details.
3.4 Field Equations
Consider the lagrangian
L = •L + Ls, (105)
with Ls the lagrangian of a general source field. Variation with respect to the gauge potential Baρ
(or equivalently, in terms of the tetrad haρ) yields the teleparallel version of the gravitational field
equation
∂σ(h
•
Sa
ρσ)− k h •Jaρ = k hΘaρ. (106)
In this equation,
h
•
Ja
ρ ≡ − ∂
•
L
∂haρ
=
1
k
ha
µ
•
Sc
νρ
•
T
c
νµ − ha
ρ
h
•
L + 1
k
•
A
c
aσ
•
Sc
ρσ (107)
stands for the gauge current, which in this case represents the Noether energy-momentum pseudo-
current of gravitation plus inertial effects [19], and
hΘa
ρ = − δLs
δhaρ
≡ −
(
∂Ls
∂haρ
− ∂µ ∂Ls
∂µ∂haρ
)
(108)
is the source energy-momentum tensor. Due to the anti-symmetry of the superpotential in the
last two indices, the total (gravitational plus inertial plus source) energy-momentum density is
conserved in the ordinary sense:
∂ρ
(
h
•
Ja
ρ + hΘa
ρ
)
= 0. (109)
The left-hand side of the gravitational field equation (106) depends on
•
Aabµ only. Using identity
(52) for the specific case of the inertial connection
•
Aabµ,
•
A
a
bµ =
◦
A
a
bµ +
•
K
a
bµ, (110)
through a lengthy but straightforward calculation, it can be rewritten in terms of
◦
Aabµ only:
∂σ
(
h
•
Sa
ρσ
)− k h •Jaρ = h( ◦Raρ − 12 haρ ◦R). (111)
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As expected due to the equivalence between the corresponding lagrangians, the teleparallel field
equation (106) is equivalent to Einstein’s field equation
◦
Ra
ρ − 12 haρ
◦
R = kΘa
ρ. (112)
Observe that the energy-momentum tensor appears as the source in both theories: as the source
of curvature in general relativity, and as the source of torsion in teleparallel gravity. This is in
agreement with the idea that curvature and torsion are related to the same degrees of freedom of
the gravitational field.
4 Achievements of Teleparallel Gravity
Despite being equivalent to general relativity, teleparallel gravity shows many conceptual distinc-
tive features. In this section we discuss some of these features, as well as explore their possible
consequences for the study of both classical and quantum gravity.
4.1 Separating Inertial Effects from Gravitation
In teleparallel gravity, the tetrad field has the form
haµ =
•
Dµxa +Baµ. (113)
The first term on the right-hand side represents the frame and the inertial effects present on it. The
second term, given by the translational gauge potential, represents gravitation only. This means
that both inertia and gravitation are included in the tetrad haµ. As a consequence, its coefficient
of anholonomy,
f cab = ha
µhb
ν(∂νh
c
µ − ∂µhcν), (114)
will also represent both inertia and gravitation. Of course, the same is true of the spin connection
of general relativity,
◦
A
a
bµ =
1
2 h
c
µ (fb
a
c + fc
a
b − fabc). (115)
Now, according to the identity (110), such spin connection can be decomposed in the form
◦
A
a
bµ =
•
A
a
bµ −
•
K
a
bµ. (116)
Since
•
Aabµ represents inertial effects only, whereas
•
Kabµ represents the gravitational field, the above
identity amounts actually to a decomposition of the general relativity spin connection (115) into
inertial and gravitational parts.
To see that this is in fact the case, let us consider a locally inertial frame in which the spin
connection of general relativity vanishes:
◦
A
a
bµ
.
= 0. (117)
In such local frame, although present, gravitation becomes locally undetectable. Making use of
identity (116), the local vanishing of
◦
Aabµ can be rewritten in the form
•
A
a
bµ
.
=
•
K
a
bµ. (118)
This expression shows explicitly that, in such a local frame inertial effects (left-hand side) exactly
compensate for gravitation (right-hand side) [20]. The possibility of separating inertial effects from
gravitation is an outstanding property of teleparallel gravity. It opens up many interesting new
roads for the study of gravitation, which are not possible in the context of general relativity.
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4.2 Geometry Versus Force
In general relativity, the trajectories of spinless particles are described by the geodesic equation
dua
ds
+
◦
A
a
bµ u
buµ = 0, (119)
where ds2 = gµν dx
µdxν is the riemannian spacetime quadratic interval. It says essentially that the
four-acceleration of the particle vanishes:
◦
aa = 0. (120)
This means that in general relativity there is no the concept of gravitational force. Using identity
(116), the geodesic equation can be rewritten in terms of a purely inertial connection and its torsion.
The result is
dua
ds
+
•
A
a
bµ u
b uµ =
•
K
a
bµ u
b uµ. (121)
This is the teleparallel equation of motion of a spinless particle as seen from a general Lorentz frame.
Of course, it is equivalent to the geodesic equation (119). There are conceptual differences, though.
In general relativity, a theory fundamentally based on the equivalence principle, curvature is used
to geometrize the gravitational interaction. The gravitational interaction in this case is described
by letting (spinless) particles to follow the curvature of spacetime. Geometry replaces the concept
of force, and the trajectories are determined, not by force equations, but by geodesics. Teleparallel
gravity, on the other hand, attributes gravitation to torsion, which accounts for gravitation not by
geometrizing the interaction, but by acting as a force [1]. In consequence, there are no geodesics in
teleparallel gravity, only force equations similar to the Lorentz force equation of electrodynamics
(We remark in passing that this is in agreement with the gauge structure of teleparallel gravity
in the sense that gauge theories always describe the classical interaction through a force). Notice
that the inertial forces coming from the frame non-inertiality are represented by the connection
on the left-hand side, which is non-covariant by its very nature. In teleparallel gravity, therefore,
whereas the gravitational effects are described by a covariant force, the inertial effects of the frame
remain geometrized in the sense of general relativity. In the geodesic equation (119), both inertial
and gravitational effects are described by the connection term on the left-hand side.
4.3 Gravitational Energy-Momentum Density
All fundamental fields have a well-defined local energy-momentum density. It is then expected
that the same should happen to the gravitational field. However, no tensorial expression for the
gravitational energy-momentum density can be defined in the context of general relativity. The
basic reason for this impossibility is that both gravitational and inertial effects are mixed in the spin
connection of the theory, and cannot be separated. Even though some quantities, like curvature,
are not affected by inertial effects, some others turn out to depend on it. For example, the energy-
momentum density of gravitation will necessarily include both the energy-momentum density of
gravity and the energy-momentum density of the inertial effects present in the frame. Since the
inertial effects are essentially non-tensorial — they depend on the frame — the quantity defining
the energy-momentum density of the gravitational field in this theory always shows up as a non-
tensorial object. Some examples of different pseudotensors can be found in Refs. [21–29].
On the other hand, owing to the possibility of separating gravitation from inertial effects in
teleparallel gravity, it turns out possible to write down an energy-momentum density for gravitation
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only, excluding the contribution from inertia. Such quantity is a tensorial object. To see how this
is possible, let us consider the sourceless version of the teleparallel field equation (106),
∂σ(h
•
Sa
ρσ)− k h •Jaρ = 0, (122)
where
h
•
Ja
ρ =
1
k
ha
µ
•
Sc
νρ
•
T
c
νµ − ha
ρ
h
•
L + 1
k
•
A
c
aσ
•
Sc
ρσ (123)
is the usual gravitational energy-momentum pseudo-current, which is conserved in the ordinary
sense:
∂ρ(h
•
Ja
ρ) = 0. (124)
This is actually a matter of necessity: since the derivative is not covariant, the conserved current
cannot be covariant either so that the conservation law itself is covariant — and consequently
physically meaningful.
Using now the fact that the last, non-tensorial term of the pseudo-current (123) together with
the potential term make up a Fock-Ivanenko covariant derivative,
∂σ(h
•
Sa
ρσ)− •Acaσ(h
•
Sc
ρσ) ≡ •Dσ(h
•
Sa
ρσ), (125)
the field equation (122) can be rewritten in the form
•
Dσ(h
•
Sa
ρσ)− k h •taρ = 0, (126)
where
•
ta
ρ =
1
k
ha
λ
•
Sc
νρ
•
T
c
νλ − ha
ρ
h
•
L (127)
is a tensorial current that represents the energy-momentum of gravity alone [19]. Considering that
the teleparallel spin connection (62) has vanishing curvature, the corresponding Fock-Ivanenko
derivative is commutative:
[
•
Dρ,
•
Dσ] = 0. (128)
Taking into account the anti-symmetry of the superpotential in the last two indices, it follows from
the field equation (126) that the tensorial current (127) is conserved in the covariant sense:
•
Dρ(h
•
ta
ρ) = 0. (129)
This is again a matter of necessity: a covariant current can only be conserved in the covariant sense.
Of course, since it does not represent the total energy-momentum density — in the sense that the
inertial energy-momentum density is not included — it does not need to be truly conserved. Only
the total energy-momentum density
•
Ja
ρ must be truly conserved.
It should be remarked that the use of pseudotensors to compute the energy of a gravitational
system requires some amount of handwork to get the physically relevant result. The reason is
that, since the pseudotensor includes the contribution from the inertial effects, which is in general
divergent for large distances (recall the centrifugal force, for example), the space integration of the
energy density usually yields divergent results. It is then necessary to use appropriate coordinates
— like for example cartesian coordinates [30] — or to make use of a regularization process to
eliminate the spurious contributions coming from the inertial effects [31]. On the other hand, on
account of the tensorial character of the teleparallel energy-momentum density of gravity, its use
to compute the energy of any gravitational system always gives the physical result, no matter the
coordinates or frames used to make the computation, eliminating in this way the necessity of using
appropriate coordinates or a regularizing process [32].
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4.4 A Genuine Gravitational Variable
Due to the fact that the spin connection of general relativity involves both gravitation and inertial
effects, it is always possible to find a local frame — called locally inertial frame — in which inertial
effects exactly compensate for gravitation, and the connection vanishes at that point:
◦
A
a
bµ
.
= 0. (130)
Since there is gravitational field at that point, such connection cannot be considered a genuine
gravitational variable in the usual sense of classical field theory. Strictly speaking, therefore, general
relativity is not a true field theory. There is an additional problem: the non-covariant behavior of
◦
Aabµ under local Lorentz transformations is due uniquely to its inertial content, not to gravitation
itself. To see it, consider the decomposition (116): whereas the first term on the right-hand side
represents its inertial, non-covariant part, the second term represents its gravitational part, which
is a tensor. This means that it is not a genuine gravitational connection either, but an inertial
connection.
In teleparallel gravity, on the other hand, the gravitational field is represented by a trans-
lational-valued gauge potential
Bµ = B
a
µPa, (131)
which shows up as the non-trivial part of the tetrad. Considering that the translational gauge
potential represents gravitation only, not inertial effects, it can be considered a true gravitational
variable in the sense of classical field theory. Notice, for example, that it is not possible to find a local
frame in which it vanishes at a point. Furthermore, it is also a genuine gravitational connection:
its connection behavior under gauge translations is related uniquely to its gravitational content.
Put together, these properties show that, in contrast to general relativity, teleparallel gravity is a
(background-dependent) true field theory.
4.5 Gravitation and Gauge Theories
If general relativity is not a true field theory, it cannot be a gauge theory either. There have been
some attempts to describe general relativity as a gauge theory for diffeomorphisms, but this is
impossible for several reasons. To begin with, general coordinate transformations take place on
spacetime, not on the tangent space — the fiber of the tangent bundle — as it should be for a true
gauge theory. In addition, general covariance by itself is empty of dynamical content in the sense
that any relativistic equation, like for example Maxwell equation, can be written in a generally
covariant form without any gravitational implication. There have also been some attempts to
recast general relativity as a gauge theory for the Lorentz group. However, this is not possible
either for different reasons. First, the spin connection of general relativity, as discussed in the
previous section, is neither a true field variable nor a genuine gravitational connection. A second
reason is that local Lorentz transformations are equivalent to general coordinate transformations
in the sense that they give rise to the very same inertial connection.
Indeed, observe that the inertial connection (62), obtained by performing a local Lorentz trans-
formation, and the inertial connection (75), obtained by performing a general coordinate transfor-
mation, represent two different ways of expressing the very same inertial connection, as shown by
Eq. (76). Consciously or not, this equivalence is implicitly assumed in the metric formulation of
general relativity. For example, it is a commonplace in many textbooks on gravitation to find
the definition of a locally inertial coordinate system. Of course, the property of being or not iner-
tial belongs to frames, not to coordinate systems. Such notion only makes sense if local Lorentz
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transformations and general coordinate transformations are considered on an equal footing. Then
comes the point: since diffeomorphism is empty of dynamical meaning, and considering that it is
equivalent to a local Lorentz transformation, the latter is also empty of dynamical meaning. One
should not expect, therefore, any dynamical effect coming from a “gaugefication” of the Lorentz
group.
On the other hand, there is a consistent rationale behind a gauge theory for the translation
group. To begin with, remember that the source of gravitation is energy and momentum. From
Noether’s theorem, a fundamental piece of gauge theories [33], we know that the energy-momentum
tensor is conserved provided the source lagrangian is invariant under spacetime translations. If
gravity is to be described by a gauge theory with energy-momentum as source, therefore, it must
be a gauge theory for the translation group. This is similar to electrodynamics, whose source
lagrangian is invariant under the one-dimensional unitary group U(1), the gauge group of Maxwell
theory.
4.6 Gravity and the Quantum
If general relativity is not a field theory in the usual sense of the term, the traditional approach of
quantum field theory cannot be used in this case. In addition, due to the fact that general relativity
is deeply rooted on the equivalence principle, its spin connection involves both gravitation and
inertial effects. As a consequence, any approach to quantum gravity using this connection as field
variable will necessarily include a quantization of the inertial forces — whatever this may come
to mean. Considering furthermore the divergent asymptotic behavior of inertial effects, like for
example the centrifugal force, such approach is likely to face consistency problems. As a matter of
fact, in the geometric approach of general relativity there is not a genuine gravitational variable to
be quantized using the methods of quantum field theory. For these reasons, one should not expect
to obtain a consistent quantum gravity theory from general relativity (Different arguments leading
to the same conclusion can be found in Ref. [34]).
On the other hand, as a gauge theory for the translation group, teleparallel gravity is much
more akin to a classical field theory than general relativity. It is, of course, different from the Yang-
Mills type theories because of the soldering, which makes it a background-dependent field theory. In
this theory, whereas inertial effects are represented by a Lorentz connection, the gravitational field
is represented by a translational-valued connection, a legitimate gravitational variable in the usual
sense of classical field theory. It is, for this reason, the variable to be quantized in any approach to
quantum gravity. Taking into account that loop quantum gravity has a natural affinity with gauge
theories [35–37], a quantization approach based on teleparallel gravity seems to be more consistent
— and of course much simpler due to the abelian character of translations.
Still in connection to a prospective quantum theory for gravitation, it is important to remark
that, differently from the geometrical approach of general relativity, the gauge approach of telepar-
allel gravity is not grounded on the equivalence principle [38]. In other words, it does not make
use of the local equivalence between gravitation and inertial effects. As a consequence, it does
not make use of ideal, local observers, as required by the strong equivalence principle, eliminating
in this way the basic inconsistency with quantum mechanics, which presupposes real, dimensional
observers [39]. Of course, this is not enough to guarantee that a quantum version of teleparallel
gravity will be a consistent theory, but can be considered an important conceptual advantage of
teleparallel gravity.
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5 Final Remarks
Although equivalent to general relativity, teleparallel gravity introduces new concepts into both
classical and quantum gravity. For example, on account of the geometric description of general
relativity, which makes use of the torsionless Levi-Civita connection, there is a widespread belief
that gravity produces a curvature in spacetime. The universe as a whole, in consequence, should
also be curved. However, the advent of teleparallel gravity breaks this paradigm: it becomes a
matter of convention to describe the gravitational interaction in terms of curvature or in terms
of torsion. This means that the attribution of curvature to spacetime is not an absolute, but a
model-dependent statement. Notice furthermore that, according to teleparallel gravity, torsion has
already been detected: it is responsible for all gravitational phenomena, including the physics of
the solar system, which can be re-interpreted in terms of a force equation with torsion playing the
role of force. A reappraisal of cosmology based on teleparallel gravity could provide a new way to
look at the universe, eventually unveiling new perspectives not visible in the standard approach
based on general relativity.
Not only cosmology, but many other gravitational phenomena would acquire a new perspective
when analyzed from the teleparallel point of view. For instance, in teleparallel gravity there is
a tensorial expression for the energy-momentum density of gravitation alone, to the exclusion of
inertial effects. Gravitational waves would no longer be interpreted as the propagation of curvature-
perturbation in the fabric of spacetime, but as the propagation of torsional field-strength waves.
Furthermore, similarly to the teleparallel gauge potential, a fundamental spin-2 field should be
interpreted, not as a symmetric second rank tensor, but as a translational-valued vector field [40].
Most importantly, teleparallel gravity seems to be a much more appropriate theory to deal with
the quantization of the gravitational field. We can then say that this theory is not just equivalent
to general relativity, but a new way to look at all gravitational phenomena.
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